Structures of boson and fermion Fock spaces in 
the space of symmetric functions 

Yurii A. Neretin 1 

We realize the Weil representation of infinite dimensional symplectic group and 
spinor representation of infinite-dimensional group GL by linear operators in the space 
of symmetric functions in infinite number of variables. 

0.0. Purposes of this paper. Canonical unitary operators connecting a 
boson Fock space and a fermion Fock space with a space of symmetric functions 
are well known, see |PSj . |MJD| and further references in these books. 

The basic structure in the boson Fock space is a semigroup of Gauss opera- 
tors. This semigroup contains the Friedrichs-Shale group of automorphisms of 
the canonical commutation relations; see |Berl| . |JNer2p . 

The basic structure in the fermion Fock space is a semigroup of Berezin op- 
erators (i.e., fermion analogs of Gauss operators). This semigroup contains the 
Friedrichs-Berezin group of automorphisms of the canonical anticommutation 
relations, see jEEU, [Ner2]). 

The purpose of our paper is to transfer these structures to the space of sym- 
metric functions. This problem is completely solved for the Gauss operators (see 
below Subsection 3.5) and partially solved for the Berezin operators (Subsection 
5.3). Results of this paper were announced in |Ner4j 1. 

There are many problems of this kind, some of them are discussed in |Ner3| . 
|NeT4) . fFsV\ . 

0.1. Operators in the space of symmetric functions. We consider a 
Hilbert space § c i, whose elements are formal symmetric series f{x\,X2, £3, . . . ); 
§ci is equipped with a classical (Redfield) scalar product (see |Mac| . 1.4; see 
below 1.3). For each formal series K(x\, x%, . . . ; y\, y2, ■ ■ ■ ) symmetric separately 
in Xj and in yj, we associate the linear operator A in § c i given by 

Af(x) = {K(x,y),J{y))s 0l ; (0.1) 

here we consider K (x, y) as a function in y depending on the parameters x. We 
say that K(x, y) is the kernel of the operator A. 

0.2. the Weil representation. We realize the 'Weil' representation of the 
Friedrichs-Shale symplectic group (see its definition below 2.10) by operators, 
whose kernels have the form 

n{ i+ a «4^}n{ i+ e &w4»j}n{ i+ 12 c ^0 x 

k<l i>0j>0 k,l i>0j>0 k<l i>0,i>0 

x n{ i+ E a ^}n{ i+ E^}< (o-2) 

fe i>0 k i>0 
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where ay = a?i, Cij — Cji. Moreover, all the bounded operators in S c /, whose 
kernels are given by expressions (0.2), form a semigroup; this semigroup is 
isomorphic to the semigroup of Gauss operators in the boson Fock space. 

The correspondence (0.1) between the kernels K(x,y) and linear operators 
depends on a scalar product. Many natural scalar products in the space of 
symmetric functions are known (see |Mac| . 1.4, III. 4, VI. 5, V.10; |Kerj . |GR| . 
|Ner5j . Section 10, |Ner4| ). Our construction literally survives for the Jack, 
Hall-Littlewood and Macdonald scalar products; maximal generality, then it 
exists, is a family of scalar product defined by Kerov in |Ker| . 

Nevertheless, in our context the classical case is distinguished, since it is 
related to the Virasoro algebra (see |PSj1: for some formulae related to actions 
of the group of diffeomorphisms of the circle in 8> c \, sec Ner4| . On explicit 
description of boson Fock spaces related to the Hall-Littlewood and Macdonald 
cases, see |Ner4) . 

0.3. The spinor representation. The natural group O of symmetries of 
the fermion Fock space is the group of (oo + oo) x (oo + oo) complex invertible 

bounded matrices g = such that g is orthogonal 

A B\ /0 l\ (A BV fQ 1 



C DJ \1 0J \C DJ \1 

and B, C are Hilbert-Schmidt matrices (i.e., tr B*B, tr C*C < oo); see |Ner2| . 
IV. 4, this group is larger than the 'group of automorphisms of canonical anti- 
commutation relations' (see |Berl| ') described by Friedrichs, Bogolubov, Berezin 
and Shale-Stinespring. 

The representation of O in the fermion Fock space is an infinite dimensional 
variant of the spinor representation. 

The space § c i is in a canonical one-to-one correspondence with some subspace 
in fermion Fock space that is called 'space of semi-infinite forms' 1 , see definitions 
below in 4.2-4.3. The natural group GL of symmetries of the space of semiinfi- 
nite forms consists of (oo + oo) x (oo + oo) complex invertible bounded matrices 
P Q\ 

such that Q, R are Hilbert-Schmidt matrices and the Fredholm in- 



R T , 

dex of P is zero (in our case, this is equivalent to the condition dimKerP 
codimlmP), see |Ner2) . IV.3-IV.4. 

The group GL is a subgroup in O 2 . 

Now consider a Laurent polynomial in two variables 

S(u,v) = aijU l v^ 

-M<i<oo, -J\/<j<oo 



2 In notation of INer2l . our groups are the the following (G,K)-pairs: GL = 
(GL(2oo,C),GL(oo,C) x GL (oo,C) ) and O = (O(2oo, C), GL(oo, C)) . For description of 
the embedding GL — * O, see |Ner2|, IV. 4); to avoid misunderstanding, emphasis that GL is 
a subgroup in the group (O(4oo, C), GL(2oo, C)) with the duplicated infinity. 
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(only finite number of terms are nonzero). Define the kernel K{x,y) by the 
condition 



K(x,y) 



x N =x N + i = ---=0, y N =y N + 1 = ---=0 



j ii ti n N N 

x ivi\Y{k=i x k Vk 



rii<fc<i<iv( a; fe x i)n 



l^k<l^N(Vk Vl) 



for all N > M. 

We show that operators in § c i with such kernels form an infinite-dimensional 



finite number of nonzero matrix elements. 

This is a partial answer to the question formulated above, since this group 
GLqo is a proper subgroup in the natural group of symmetries GL. 

This construction exists in the space § c i and does not survive for general 
Kerov's scalar products. 

0. 4. Structure of the paper. Sections 1-2 contain preliminaries on the 
space of symmetric functions and on the boson Fock space. In Section 3, we 
discuss the boson-symmetric correspondences. 

In section 4, we introduce a space of semiinfinite forms and a space of skew- 
symmetric functions. In Section 5, we discuss a fermion-symmetric correspon- 
dence. 

Acknowledgements. This work was done during my visit to Yale Univer- 
sity in 1994. I thank prof. R.Howe for hospitality and discussions. I also thank 
the organizers of Russian-French workshop on combinatorics (Independent Uni- 
versity of Moscow, May 2003), since this was an occasion for writing the present 
paper. 

1. Symmetric functions 

1.1. Symmetric functions. In this paper, x\, x%, . . . is an infinite collec- 
tion of formal variables. 

We denote by § = S(x) the space of all formal series in the variables Xj sym- 
metric with respect to permutations of Xj . We call elements of § by symmetric 
functions. 

By § fe C § we denote the space of symmetric formal series of degree k in the 
variables Xj. This space is finite dimensional, its dimension equals the number 
p{k) of partitions of k. 

By § C S we denote the space of series of bounded degree. 

1.2. Some bases in S. For details, see |Mac| . 1.2-3. 

a) Functions p m . A Newton sum p m = p m (x), where m = 1,2,..., is 




oo 



Pm (x) -=Y, X T- 
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Denote by m a collection of nonnegative integers, 

m = (mi, 777-2 1 ■■■)', tnj — for suffiticntly large j. 

Denote 

The functions p m form a basis in S. 

We also use another notation for the same functions. Let A be a sequence 
of integers 

A : Ai ^ A2 ^ • • • , Xj — for sufficiently large j. 

Then 

PX ■= PXiP\ 2 ■■■■ 

In other words, p\(x) = Pla (x), where mj is the number of entries of j into the 
collection A. 

b) Monomial symmetric functions m\. Let A = (AijAa,...), where Ai ^ 
A 2 ^ . . . are integers and Xj = for sufficiently large j. Denote by m\ the sum 
of all distinct monomials of the form 

di k 1 x k 2 x k 3 ■ ■ ■ ^ r h J- 

Obviously, the system m\ is a basis in S. 

c) Schur junctions s\ = s r . Let Ai ^ A2 ^ . . . be nonnegative integers, and 
Xj = for sufficiently large j. The function s\ 6 § is defined by the rule 



s\(xi,x 2 , ■ ■ ■ ) 



det {x% +n ->} 



Ul<ik<Kn( x k ~ Xl) 

We also use another notation for the same functions. Let r be a sequence of 
integers such that 

r : 7*1 > r 2 > • • • and rj = — j for sufficiently large j. 

We assume 

s r := s\, where Xj = rj + j. 

Remark. Thus, we introduced 3 types of notation for Young diagrams; in 
these 3 cases we use respectively Greek letters (A, fi, etc), bold Latin letters (m, 
n, etc.), and Gothic letters (t, t, etc.) as above. 

1.3. Scalar products in S. The classical scalar product (J.H.Redficld, 
1927, see Mac], 1.4) in S is defined by the condition: the functions p m are 
pairwise orthogonal and 

ib m ii 2 =n m ^' m3 '- 

The equivalent condition is: the Schur functions s\ form an orthonormal basis. 
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More generally, let us define Kerov's family (-, ■)„ of scalar products in S. 
Fix a sequence 

cj = (ui,U2, . . . ); Wj > 0. 
We assume that the functions p m are pairwise orthogonal and 

ib m ii 2 =n™>?- (i-i) 

There are three following distinguished examples of such scalar products 

ujj = ja (Jack scalar products); 

ujj = j(l — t- 7 ) -1 (Hall-Littlewood scalar products); 
1 - q j 

ujj = j ■ r (Macdonald scalar products). (1.2) 

We denote by § w the completion of the Euclidean space § equipped with the 
scalar product (-, ■) u> . 

More carefully, denote by the (finite dimensional) Euclidean space S r 
equipped with the Kcrov scalar product. Then § w is a Hilbert direct sum of the 
Hilbert spaces §£, 

s; = e?° = oS:. 

Each element / G §^ can be represented as a sum of a series 

oo 

f = J2 fr> wherC fr e S T , and Il-^lli; < °°' 

T = 

In particular, § w C S. The scalar product is given by 

(f,g)u = (^2fr,^2gr)u> ■= ^2(fr,grhz ■ 

We emphasis that this expression has sense also for / S S, g £ S. 

We also denote by S c i the space corresponding to the classical case uij = j. 

1.4. Bisymmetric kernels. Let x\, x 2 , . . . and yi, 2/2, ■■ ■ be two collections 
of formal variables. A bisymmetric kernel K(x, y) is a formal series symmetric 
with respect to Xj and symmetric with respect to yi. 

1.5. Linear operators in S w . Fix uj. Represent a bisymmetric kernel 
K(x,y) as a series in Xj with coefficients depending on yi, 

K{x,y) = ^x\ 1 xl 2 xl 3 ...u klMM ....(y), 

where kj are nonnegative integers, and all kj = except a finite number of j. 
Then u^^M^-Xv) e ^> t nese expressions also are symmetric with respect to 
kj. Hence 

K{x,y)= m x (x)u Xl ,\ 2 ,...(y). 

Ai^A 2 ^... 
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We define the linear operator Ak in the space of symmetric functions by the 
formula 

A K f(x) = (K(x,y),f(y)) u := ^ mx{x)(u Xl ,\ 2 ,... , f(y)) u , (1.3) 

AiSsAaSs... 

where / denotes the usual complex conjugation. 
We also represent this expression in the form 

oo 

A K f = Yl[AKf\<r, (1-4) 

<T=0 

where 

[A K f]a~ rnx{x)(u Xl ,x 2 ,- . /(j/))u,- (1-5) 

Obviously, [-4k/]<t € S CT and hence the summands of (1.4) are pairwise 
orthogonal. 

PROPOSITION 1.1. The map K Ak is a bijection of the space of all 
bisymmetric kernels to the space of all linear operators S — > S. 

Remark. This bijection depends on u>. 

PROPOSITION 1.2. Let A : S w — > § w &e a bounded operator. Then 

a) T/iere ermte a bisymmetric kernel K(x, y) such that Af = Axf for f e S. 

b) For / G its image Af equals (1.4)-(1.5); the series in the right hand 
side of (1-4) converges in the Hilbert space S u . 

Proposition 1.3. For each a = 0, 1, 2, . . . choose an arbitrary (in general, 
nonorthogonal) basis ^[ a \ in W. Represent a bisymmetric kernel 

K(x,y) in the form 

oo p(c) 

K(x,y) = J2[£& ) (xri CT \y) 

cr=0 i=l 

where are some elements of §. 

a) For each f G S, 

A K f(x) = Y^[^&\x)(vl a \y),W))«]- (1-6) 

Summands of the formal series J^a do not depend on a choice of a basis 
In particular, they coincide with summands of the series (1.4). 

b) If Ak is a bounded operator and / e S u , then Axf coincides with (1.6); 
the series J2 a * n ^ e right hand side converges in the Hilbert space S u . 

Proposition 1.4. Let 



K{x,y) = Y J (x)p n (y)- 
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Then 

3 

Proposition 1.5. Let a/j = j, i.e., we have the classical scalar product in 
§. Let 

K(x,y) = ^/3a, m s a (x) 8^). 

TTien 

(AaS m , Sa)w = /3a :M - 

Remark. On the kernel of the identity operator, see [Mac], 1.4, see also 
below 3.6. 

1.6. Proofs of Propositions 1.1—1.5. We start from Proposition 1.3a. 
Represent K(x,y) as the series 

where K a T has the degree r in the variables x% , x^, ■ ■ ■ and the degree a in the 

variables yi, y 2 , 

Let A a ,r be the operator with the kernel K a ^ T (x,y), 

Aa.j : ®§ J -» ®§ J 

Obviously, .A CTiT is zero on all § J for j ^ r, and A a . T : § CT — > § r . 

For the kernel K a r the statement of Proposition 1.3a) is trivial. It is equiv- 
alent to the following obvious lemma. 

Lemma 1.6. Let V , W be finite dimensional Euclidean spaces. Let ej be a 
basis in V. Let K £ V <g> W, 

K = e j ® hj , hj £ W. 

Then each linear operator W — > V /ios i/ie /orm 

and _4r- does not depend on a choice of the basis ej . 

We apply this lemma to W = S£, V = §£• 
Thus, is a block operator 

/An A u ■ ■ A 
^ K = ^22 ... (1.7) 

in ©S 5 . Now Proposition 1.3a became obvious. 
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Let Ak be bounded, let / = Yl fj > Af = Yl 9j > where fj , gj 6 § J . Then 
<? T = "^2 Ar.afa, and this is the statement of Proposition 1.3b. 
Thus Proposition 1.3 is proved. 

If we assume £ = s\, then we obtain Proposition 1.5. 

If we assume £ = p m , then we obtain Proposition 1.4. This implies Propo- 
sition 1.1. 

If we assume £ = m x in Proposition 1.3.b, then we obtain Proposition 1.2. 
1.7. Products of operators. 

Proposition 1.7. Let for bisymmetric kernels K, L the operators Ak, 
Al be bounded in Then AkAl = Am, where 



M(x,z) = (K(x,y),L(y,z)) SAy) . (1.8) 
More exactly, we expand our kernels in m\ 

A ft 

and write 

mx(x)m t _ l (z) 

a,m 

Proof. We represent Ak , Al as block matrices (1.7), and the statement 
becomes obvious. We also can refer to Proposition 1.4. 

2. Boson Fock space. Semigroup of Gauss operators 

Here we discuss some basic definitions related to the boson Fock space. For 
details, see |Ner2| . 

2.1. Boson Fock spaces with finite degrees of freedom. Let n = 

0, 1, 2, . . . . Consider the space C™ with the coordinates Z\, z 2 , . . . , z n . Consider 
the space Pol„ of polynomials in Zj ; equip this space with the scalar product 



(f,9) = *- n f(z)g(z)exp{-\z\ 2 } \dz\, (2.1) 



where \dz\ is the Lebesgue measure on C n . 

The monomials z™ 1 . . . z™ n are pairwise orthogonal and 

\\z™K..z™"\\ 2 = mil...m n \ (2.2) 

The boson Fock space F„ with n degrees of freedom is the completion of 
Pol n with respect to the scalar product (2.1). Elements of this space are entire 
functions f(z) on C" satisfying 

|/(z)| 2 exp{-|z| 2 }|dz| <oo. 



8 



2.2. The boson Fock space with infinite number degrees of free- 
dom. Let / = f(zi, . . . , z n ) £ F„. We define the function /„/ 6 F n+ i as 

By (2.2), /„ is an isometric embedding F„ — > F n+ i. 
Consider the chain 

F C Fx C ■ • • C F„ C . . . 

The boson Fock space F = ¥(z) with infinite degree of freedom is the completion 
of U n F„. The space F is called the boson Fock space. 
Consider the system of functions 

e m (z):=l[z™\ (2.3) 

where rrij are nonnegative integers and rrij — for sufficiently large j. Obviously, 
these functions form an orthogonal basis in F, and 

ii em ii 2 =n^ ! - 

Consider a series c m e m (z) convergent in the Hibert space F. It can easily 
be checked, that this series absolutely converges for each z € 1%. Hence we can 
consider elements of F as entire functions on li . 

Let a = (oi, fl2) • • • ) € fa- Denote by <p a (z) the function 3 

(p a (z) = exp{^ Zjttj}. (2.4) 
For each / G F, the following reproducing property holds 

(f,<Pa)F = f(a). (2.5) 

2.3. Hilbert-Schmidt matrices, (see |D^].XI.6.XL9) Recall that an 
infinite matrix A = {a.y } is called a Hilbert-Schmidt matrix if 

tr A* A = ^ \ a ij\ 2 < °°- 

ij 

A matrix A belongs to the trace class if 

tr VA*A < oo. 

Recall, that for Hilbert-Schmidt matrices A, B, the matrix AB belongs to 
the trace class. 

Also, recall that for a matrix A of the trace class the determinant det(l + A) 
is well-defined. 

3 There are many terms that are used for this system of functions: systems of coherent 
states, supercomplete basis, overfilled basis, delta-functions. 
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2.4. Gauss vectors. For a matrix A, the symbol \\A\\ below denotes the 
norm of the operator l 2 fa, i.e., ||^4|| 2 is the maximal eigenvalue of A* A. 

Let A — {dij} be a symmetric (i.e., = an) Hilbert-Schmidt matrix and 
\\A\\ < 1. Let a = (a\,a 2 , . . . ) G fa. The corresponding Gauss vector b[A\a] is 
a function in the variable z G fa defined by 

6[A|a](z) = cxp{i ^2 aijZiZj + ^ otjZj} = cxpjizAz* + az*}. 

Here ' denotes the transposition, z, a are considered as matrix-rows. 
Proposition 2.1. a) b[A\a] e F. 

b) (6[A|a],6[B|/3]) F = det(l-AB)- 1 /2exp{i(a^)(~^ jL) (J)}. 
Remark. 

1_\ 1 _ fB{l — AB)-" 1 (l-KA)- 1 \ 
\1 -BJ V(l-AB)" 1 A(1-BA)- 1 .) 

Remark. Since ||AB|| < 1, we define 

(1 - AB)- 1 / 2 := 1 + -AB + -(AB) 2 + ... 

2 8 

and det(l - AB)- 1 ' 2 := det[(l - AB)- 1 / 2 ]. 

2.5. Operators. Let H be a bounded operator F — > F. Let 

Be n — ^ ^ ^m,n^m- 
m 

Consider the function K(z, u) (kernel of the operator) H on l 2 x Z 2 given by 
if (z, u) = ^ /i m ,„n!e m (z) e„(u), 

m.n 

where e n is given by (2.3) and n! = This scries converges on l 2 x fa, 

moreover for a fixed z e l 2} the function k z (u) — K(z,u) as a function in u 
belongs to F. 
We also have 

(e m , He n ) = /i m , n m!n! (2.6) 
The operator H can be reconstructed from K(z,u) by the formula 

Hf(z) = (f(u),K(z,u)) ¥{u) := (f(u),k z (u)) ¥{u y 

If K\ is the kernel of Hi and is the kernel of H 2 , then the kernel of H\H 2 

is 

L(z,w) = (K 1 (z,u),K 2 (u,w)) r{u) 
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2.6. Gauss operators. Let A, B, C be infinite matrices. Let S 
A B^ 
B l C 



Assume that these matrices satisfy the following conditions. 



0°. A, C are symmetric matrices, i.e., A — A 1 , C = C*. Equivalently, 5 is 
symmetric. 

r. 11511 i. 

2°. ||A|| < 1, ||C|| < 1; 

3°. The matrices A, C are Hilbert-Schmidt. 

Under these conditions, we define the Gauss operator 



B 



A 
B> 



F -> F. 



being the operator with the kernel 



1 



K(z,u) = exp<{ - (z 



A 
B' 



The conditions 1° — 3° are necessary but not sufficient for boundedness. 
There are two simple sufficient conditions of boundedness. 

Theorem 2.2. ( jJNerlj ) a) If A, C are operators of the trace class, then 
B\-\ is bounded. 

A B N 



b) If \^gt (j J < I; then B[-\ is bounded. 

A product of two Gauss operators is well-defined 4 and it is given by the 
following theorem. 

Theorem 2.3. CPs|. (NNH]) 



B 



A 
B i 



B 



U 
V 1 



V 

w 



det(l - CU)- 1/2 B 



A + BU(1 - c\jy x B l 

V\l - CUY x B l 



B{\-ucy x v 
w + v t {\-cu)- 1 cv t 



(2.7) 



2.7. Linear relations. Formula (2.7) hides a simple algebraic structure, 
namely a product of linear relations. Recall necessary definitions. 

Let V, W be linear spaces. A linear relation P : V W is a subspace 
PcV®W. 

Let P : V =3 W, Q : W Y be linear relations. Their product QP is a 
linear relation V =4 Y defined in the following way. A vector v Q> y € V ®Y is 
an element of QP if there exists w £ W such that v®w£P,w(ByEQ. 

Example. Let L : V — > W be a linear operator. Its graph is a linear 
relation. A product of operators corresponds to the product of their graphs in 
the sense of linear relations. 



4 for the case of unbounded operators, see ;Ner2|,VI.2 
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For a linear relation P : V =4 W, wc define its kernel Ker P c V and its 
indefiniteness Indef P C W by 

Ker P = P n V ; Indef P = P n W. 

/ A P 

2.8. Clarification of Theorem 2.3. For a given matrix S := [ ^ t ^, 
we consider the subspace P[S] C [Z2 © h] © ['2 © ^2] consisting of vectors 

[v+ © v-] © [to+ © 

satisfying the equations 

w-J ~ ^P* cj \w 

We consider this subspace as a linear relation h®h ^h®h- 

Theorem 2.4. f |NNO| . |Nerl| ) The linear relations V[S], where S satisfies 
conditions l°-3°, form a semigroup with respect to the multiplication of linear 
relations. The equality 

B[5i] B[S 2 ] = const ■ B[S 3 ]. 

is equivalent to 

v[s 1 ]r[s 2 ]=r[s 3 }. 

Wc call the semigroup of all the linear relations V[S] by the symplectic semi- 
group. 

Now we intend to characterize linear relations of type V [S] . 

2.9. Geometric description of symplectic semigroup. Denote by V + , 
V~, W + , W~ four copies of the space h- Let 

v = v + ®v~, w = w + ®w- . 

We define in V the skew-symmetric bilinear form {•, -}y and the Hermitian form 
[vlvby 

{e + © r , v + © *r} v ■■= E(^7 - ts4>> 
[e ®r,v + ® v~] v ■■= E(# ^ - w)- 

We define two forms in W by the same formulae. Further we define the skew 
symmetric form {•, and the Hermitian form [■, -jyevK hi V © W by 

{v®w,v'® w'} vmw = {v,v'} v - {w,w'} w . 
[v ®w,v'® w'] vmw = [v, v 1 ] y - [w, w'] w . 
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Our conditions for the matrix S are equivalent to the following conditions 
for linear relations V [S] . 

A) Our matrix S = 5* is symmetric. This means that V[S] is Lagrangian 5 
with respect to the skew-symmetric form {•, -}v^w- 

B) The condition \\S\\ < 1 is equivalent to the condition 

[v ®w,v ®w] V(SW ^ for all v® w e V[S\. 

C) The conditions \\A\\ sC 1, ||C|| s$ 1 follow from ||5|| 1. The ad- 
ditional condition ||^4|| < 1 is equivalent to positive definiteness of [-,-]v on 
Ker"P[5]. The condition ||C|| < 1 is equivalent to negative definiteness of [,-}w 
on Indef 

D) The condition 3° from 2.6 is not so transparent from geometrical point of 
view. The orthogonal projectors P n (V- © W) — > W- and P n (V © W+) —> V+ 
must be Hilbert-Schmidt operators. 

The unit element of the symplectic semigroup is the graph of the identity 
operator; the corresponding matrix S is S = ( !? Y\. The group of automor- 



1 y 

phisms of the canonical commutation relations defined in the next subsection is 
the group of invertiblc elements of the symplectic semigroup. 

2.10. The symplectic group. Consider the group Sp(2oo,R) of bounded 
invertible operators g : Z 2 h — > h © h satisfying the following properties. 

1) The operator g commutes with the R- linear transformation v\ © Vi 
V2®vi, where v i— » v is the coordinate- wise complex conjugation. Equivalently, 
the matrix of g has the following block form 



Equivalently, g preserves R-linear subspace Vm consisting of all the vectors hav- 
ing the form (v,v). 

2) The operator g preserves the skew-symmetric form {•, •}. Equivalently 

1\ . _ ( 1 



■'M-l „j-'' V. 1 
3) The operator g preserves the Hermitian form [-,-]. Equivalently, 

■ 9 (o -°i)- 9 * = (o -1 

Remark. Any two of conditions l)-3) imply the third condition. The 
conditions 1) and 2) mean that g preserves a skew-symmetric bilinear form in 
the real linear space Vr. 

5 A subspace P is Lagrangian with respect to a form {•, •} if {v, w} = for each v, w € P 
and P is a maximal among subspaccs having this property. 
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The Friedrichs-Shale (see [Sha], [BED) group Sp of automorphisms of canon- 
ical commutation relations 6 consists of elements g £ Sp(2oo,R), such that the 
block Q is a Hilbert-Schmidt matrix. 

Proposition 2.5. |Berl) For g e Sp, de/me the operator 

QP" 1 (P*)" 1 ' 
P- 1 -P^Q 



TTjen p(g) is a projective representation of Sp and i/ie operators det(PP*) 1 ^ 4 p(g) 
are unitary. 

3. Boson-symmetric correspondences 

In this section, we consider arbitrary spaces S u . 

3.1. Definition of the correspondence. For / = f(z%, 22,...) € F, we 
define the element Of S E> u by 

6/(xi, z 2 , £3, ■ • • ) = f(ui 1/2 pi(x), LO~ 2 1/2 p 2 {x), uj^ 1/2 p 3 (x), ...). (3.1) 

Theorem 3.1. The map is a unitary operator F — > 

Proof. This follow from formulae (1.1), (2.2). □ 

Remark. The square roots in formula (3.1) can be easily deleted after minor 
variation of definition of boson Fock space. This variant of a language is used in 
|Ner4| . Also, the boson Fock spaces corresponding to classical scalar products 
(Redfield, Hall-Littlewood, Macdonald) are described in |Ner4| . 

3.2. Inversion formula. 
Theorem 3.2. LetgeS^. Then 

e- 1 g(z) = (g,^ z ) UJ , 

where <fr z (x) e § w is given by 



k j=i 



■sr., rVU' 



Proof. The functions & a (x) € S w correspond to the elements exp(^ cijZj) S 
F, see (2.4). It remains to apply the reproducing property (2.5). More carefuly, 

/(*) : = (/, <p t ) T = (Qf,e<p.) u = (e/,$,) w 

3.3. Correspondence of operators. 

PROPOSITION 3.3. Lei A : F — > F be a bounded operator, let K{z,u) be its 
kernel. Then the bisymmetric kernel of the operator 

6 AO' 1 : § w -> § w 



6 It is the (G,fsT)-pair (Sp(2oo, U(oo)) in the notation of Ncr2 . 
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is given by 

K (u)i 1/2 pi(x), uj2 1/2 P2(x), Ui 1/2 pi(y), uj^ 1/2 p 2 (y), ...), 
PROOF. See Proposition 1.4 and formula (2.6). 

3.4. Multiplicative vectors. Let A = {ay} be a symmetric matrix 
(i, j > 0), let a = {ctj} be a sequence. We define the formal series ^[A|a] G S 

by 



*L4|a](a;) = expj^ a^p^p^x) + "^-(a;)} = 

= JJ exp{ a u4^}- II cx p{ H ( a J+ H «^)4}- 

(3.2) 

Remark. Consider an arbitrary formal series having the form 

II R(x k ,xi) [] Q(x k ), (3.3) 

l^fc<2<oc l^fe<oc 

where Q(x) = 1 + X) 7 >o and 



J?(a;,y) = l+ ^ ryz'y 

i>0, j>0 



Each series (3.3) can be represented in the form (3.2). □ 
Denote 

;j ...\ 
n := I ^2 ••• 



(3.4) 



7 



Theorem 3.4. a) Denote A := fl 1/2 Afl 1/2 . Let the matrix A be Hilbert- 
Schmidt, and \\A\\ < 1. Let afl 1/2 G Z 2 . Tften *[A|ct] G S w . 

b) Lei ^4, a and £?, /3 satisfy the conditions of statement a). Then 



(*[A\a],*[B\0\)» = 



^det(l-AO^)- 1 /2 dct { (a «^ g^} 

Proof. The function ^[A|a] is the image of the Gauss vector 

b[nv 2 Ativan 1 / 2 ] 

under the map 6. Thus the statement follows from Proposition 2.1. □ 
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3.5. Multiplicative bisymmetric kernels. We intend to discuss bisym- 
metric kernels of the type 

J| P(x k , xi) Y[ Q(xk,yi) Y[ R iyk,yi) Y[ w ( x k) J| p{vk), (3-5) 

fc<2 k,l k<l fe fe 

where P, Q, R, 7r, p are formal series. 

Fix symmetric matrices A = {a^ }, C = {c%j} and a matrix B = where 
i,j > 0. Assume that the matrix 

'nva o Wi b\ /n 1 / 2 o 
o nvaj ^ ^ o n 1 / 2 , 

satisfies the conditions of Subsection 2.6, i.e., 
1*. 11511 < 1. 

2*. WilWASl^W < 1, ||0 1 / 2 CQ 1 / 2 || < 1. 
3*. to 1 / 2 Ail 1 / 2 , n 1 / 2 Cfi 1 /2 are Hilbert-Schmidt matrices. 

' A Bl 



5 := 



Then we define the bisymmetric kernel 8. 



B* C 



(x, y) by 



A B 

B 1 C 



(x,y) = 



= I1 cx p{ E ««4^}ll exp { 51 6 y4y/}ll ex p{ 51 c yyfcJ//} x 

' ' ' ' i>0,j>0 k<l i>0,j>0 

?} (3.6) 



fc<2 i>0,j>0 
X 



Car)y J i 



k<l i>0,j>a 

n-p{E( e «~y*}n«p{E( e 

/c^l J cr, r: (j+r— j 2^1 j <x, r: u+r=j 

The same kernel can be also represented in the form 

Qt % ^ cx p{\^a l3 pi(x)pj{x)+Y^b ljPl (x)p 3 (y) + ^^2 c ^(y)P3(y)} 

Denote by 03 
Theorem 3 

a) Let \\S\\ < 1. T/ien the operator 21 



yl Bl 

£ t ^ the operator § w — > S w defined by the kernel ^ 

Theorem 3.5. Lei £/ie conditions l*-3* are satisfied. 

'A B 



(3.7) 
A B 
B* C 



B* C 



is bounded. 



b) Lef O 1 / 2 ^ 1 / 2 , ft^CTi 1 / 2 6e operators of the trace class. Then% 
is bounded. 

~U V 
V 1 w 



A B 
B* C 



Theorem 3.6. Let 21 



A B 
B* C 



, 21 



6e bounded operators. Then 



21 



"A 


B 


21 


"t/ 


v" 


B* 


C 


7* 


w 



x 21 



det(i - cnuny 1/2 x 

a + Bnuin- 1 - couy^B* b(«- 1 - unc^v 
v^n- 1 - cnu)~ 1 B t w + v^rr 1 - cw^cnv. 
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The semigroup of operators 2l[-] is isomorphic to the semigroup of Gauss oper- 
ators 58 M. 



PROOFS. By Proposition 3.3, 



A B 
B* C 



= QoB 



o o 1 / 2 J U* cj [ ft 1 / 2 



■0- 



Now our theorems follow from Theorems 2.2, 2.3. 

3.6. Example. The identity operator. The identity operator in F has 
the kernel 

exp{^Zj%}. 

Hence the bisymmetric kernel of the identity operator in S u is 

k,l j>0 

1) For the Redfield scalar product, i.e., u>j = j, we obtain 

K{x,y)=J[ ki {l-x m )- 1 . 

2) For the Jack scalar product, i.e., u>j — ja, we have 

K(x,y) = H k j(l-x k y l )- 1 / a . 

3) For the Macdonald scalar products (see (1.2)), 



^! Uj 1- <?•? X 



3>0 



J>0 



Expanding 



we obtain 



Finally, 



1-P 
1 - qi 



fe^O 



^ ^ = _ £ l n (i _ g*^) + ln(l - g fe tey). 



j>0 J 



fc>0 



tf(s,tf) = III 



1 — txyq 



fc>o 



xyq 



All these formulae are well known, see |Macj . Sections 1.4, III. 4, VI. 2, VI. 10, 
see also |Ker| . 

3.7. Example. The Heisenberg group. Formula (3.5) is more general 
than (3.6). Our construction can be easily extended to this more general case, 
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it is sufficient to apply Ncr2 , VI. 4; the semigroup of all bounded operators in 
§ w with kernels (3.5) is isomorphic to the semigroup of all bounded operators 
in F having kernels of the form 

exp{i(, u)(* +ttf*} 

We do not discuss the general case and consider an example. 

Let a, j3 G 1%. Consider the operator T(a,(3) in F whose the kernel is 

ex P{E z i u i + E z i a i + E } ' 
Then (see |Ner2] . Section VI.4) 

T(a, f3)T(a', (3') = exp{^ ^/3 J }T(a + a',/3 + j3'). 

Thus, the operators T(a,[3) form the complex Heisenberg group. 

Remark. If f3j = —ctj, then the operators T(a, (3) are unitary up to a scalar 
factor. Otherwise, they are unbounded. Nevertheless our operators and their 
products are well-defined; for details, see |Ner2| . VI.4. □ 

Let us describe the corresponding construction in S u . Let afl 1 ^ 2 , M7 1 / 2 6 
Consider the operator R(a, b) in whose bisymmetric kernel is 

n ex p { e u j 1 x i y\ } n ° x p { e a i x i } n ° x p { n ^ ^ } • 

k,l j>Q k j>0 I j>0 

Then 

R(a,b)R(a',b') = exp{^ oj b j a' j }R{a + a', b + b'). 

These operators form the complex Heisenberg group. 

Remark. The Heisenberg algebra (creation-annihilation operators) consists 
of operators with kernels 

II ex p{E^ l 4vi } • ( r + E E *A + E E 

k,l j>0 k j k j 

3.8. Example: a formula for kernels of operators. We intend to write 
a formula reconstructing the bissymmetric kernel K (x, y) by the operator A. 
Let Xj, yj, Uj be 3 collections of formal variables. Then 

K(x,y) = (ncxpl^^-^i^^A^nexpl^^- 1 ^^'})^^] (3.8) 

k,l j>0 k,l j>0 

In this formula, A u means that the operator A acts on symmetric functions 
in the variables uj depending on the parameters yj. Then we consider scalar 
product of functions in the variables Uj, depending on the parameters Xj, yj] 
see explanations to formula (1.8) above. 
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To prove (3.8), we expand 

n e *p{£ a, 7 lu »«i } = J2 ^Pn(u)p n (y) 

k,l j>0 n 

and apply Proposition 1.4. 

4. Space of semiinfinite forms A and space of skew- 
symmetric functions 

By S'oo (respectively S200 ) we denote the group of all finite permutations of 
the set {1,2,3, . . .} (respectively {-2,-1,0,1,2,3, ...}). 

4.1. Anticommuting variables. Let £1, . . . , £ n be anticommuting vari- 
ables, i.e., 

HiAj = SjSi (4.1) 

for all pairs i, j; in particular = 0. Denote by A n the space of all polynomials 
in evidently, dimA„ = 2™. We assume that the monomials £i x £i 2 • 
where i\ > i% > • • • > i/-, form an orthonormal basis in A ra . 

Consider a family of linear forms ai(£), . . . , a m (£) and &i(£), ■ ■ ■ , &m(£) : 

n n 

a k id = Y a *£i ' h * (£) = Y h kjt] ■ 

3=1 i=i 

Denote by A and B the matrices {a^}, {bij}- 
Lemma 4.1. Letm^n. Then 

a) ax (0 . . . a m (0 = ^ , ^et {«•]. Kj'i ■ ■ ■ 0™ 

Jl>j2>--->Jm 

&) (01 (0 . . . , a m (0, MO • ■ ■ MO) = det{(a k , k)} = det AB* 

m rn m 

c ) IIE'HfcOfc(0)=det{/» J H}JJo»(0 

i=i fe=i z=i 

These statements are obvious. 

4.2. The space A. (see |Ber2| . |FFp Consider a countable collection 

• ■ ■ , £-2, Cl)^2) • • ■ 

of anticommuting variables, 

A semi-infinite monomial is an infinite product of the type 

00 

^1 = Y[ Cfef : = &i& 2 &3 • • • , where fcj = -j for sufficiently large j. 

i=i 

We allow to apply the rule (4.1) finite number of times. Hence, for a £ S200, 

= (-irs e . 
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Modulo permutations, each collection I can be reduced to the form 

? : k\ > fc 2 > k 3 > . . . , where kj = —j for sufficiently large j. (4.2) 
We emphasis that 

| number of kj ^ o| = | number of negative I such that I ^ fej Vi|. 

We define the space A as the Hilbert space whose orthonormal basis is S{, 
where ? satisfies (4.2). We also define the space A whose elements are formal 
series cjSf with arbitrary cj. 

4.3. Remark: the usual fermion Fock space. A fermion Fock space 
is a space of functions depending on a countable collection of anticommuting 
variables. 

Consider an infinite collection £o> £ij ■ ■ • > ^li */2v ■ ■ of anticommuting vari- 
ables. Consider all possible finite monomials 

(4-3) 

Denote by C the space (the fermion Fock space), whose orthonormal basis 
consists of such monomials. 

To each vector Ef , we assign the vector 

n n 

Hence we obtain a space, whose basis consists of products £ Ul . . . £ Un r) Vl . . . r\ Vri 
As we observed above, the number of £ in this product equals the number of rj; 
i.e., we have m = n in (4.3) 7 . 

Thus, A is a subspace in C. 

4.4. Decomposable vectors in the Hilbert space A. Consider two 
infinite matrices A — {a m ;}, B = {b m j\, where m > 0, ^ i < oo, — oo < j < 0. 
Assume that A is a Hilbert-Schmidt matrix and B belongs to the trace class 8 . 

Consider the product 

oo 

HL4; 1 + B] := JJ (?_ m + ^ a mi & + ^ bmjtj); 

m=l i^O j<0 

removing parentheses, we choose the summand £- m from each parenthesis ex- 
cept a finite number of factors. 

We call 5 [A, 1 + B] by decomposable vectors. The vectors Sf defined above 
also have the form 3[A, 1 + B]. 

7 In particular, to each sequence t we associated a collection of integers ui,. . ., u n , vi, . . . , 
v n . This is the Frobenius parameters of Young diagrams, see Mac ,1.1. 

8 This condition can be replaced by other variants, see a discussion below and the next 
subsection. 
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Remark. Equivalently, we can consider one matrix R := [A 1 + 2?), 
whose matrix elements r m \ are indexed by m ^ 1, I 6 Z. After this, we can 
write 

oc 

s ^ : = n(E^) 

m=l i 

We prefer H[A; 1 + 2?] as a basic notation, since it is more convenient for under- 
standing of convergence/divergence of our series. 

Proposition 4.2. a) S[A, 1 + B] e A. 

b) (5[Ar, 1 + 2?i],HL4 2 , 1 + 2? 2 ])a = det^i^ + (1 + 2? x )(l + 2? 2 *)). 

c) SL4, 2?] = X^{7t^t? where 7t is i/ie minor of the matrix (A 1 + 2?) 
consisting of the columns with numbers k\, fc 2 > 

d) Lei D be a matrix of the trace class. Then 

S[(l + D)>4, (1 + D)(l + 2?)] = det(l + 2?) SL4, 2?]. 

Proof. This statement is a variant of Lemma 4.1. The minors in Statement 
b) converge since 2? is in the trace class. Thus we obtain a well-defined formal 
series in vectors S k . We have \\E[A; 1 + 2?]|j 2 = det(AA* + (1 + 2?)(1 + 2?)*). 
This determinant is convergent since AA* and 2? are in the trace class. □ 

Thus different matrices [A 1 + 2?) can give the same vector SL4, 1 + 2?]. 
To reduce this freedom, we can consider the system of vectors E[£), 1] 

oo oo 
m— 1 i— 

A representation of a vector SL4, 1 + 2?] in the form const • S[D, 1] is unique 
(indeed D = (1 + 2?) _1 A), but in the case det(l + 2?) = such representation 
does not exist (it does not exist for all the vectors Hf except S_i,_ 2 ,...). 
In the notation of 4.3, element (4.4) corresponds to 

exp{y" dmi^rim], 

it is also a spinor function in the terminology of |Ner2j . 

4.5. Decomposable vectors in the space of formal series A. Let A 

be an arbitrary matrix and 2? satisfies the condition 

b m j — for j < —to (4.5) 

Then the vector E[A; 1 + 2?] is a well-defined formal series in vectors Sj, i.e., 
S[A; 1 + 2?] e A. In other words, expressions of the following type are well 
defined 

oo 

I [ (f-m + Cml£-m+l + C m 2^-m+2 + • • ■ ) (4.6) 
m— 1 

for arbitrary c mj -. 
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Indeed, all the coefficients of its expansion in the basis S{ (see Proposition 
4.2.c) are determinants having the following structure: diagonal elements arc 1 
starting some place, and only finite number of entries upper the diagonal are 
nonzero. Hence an evaluation of our coefficients is reduced to an evaluation of 
some determinants of finite size. 

The expansion of (4.6) contains the term £_i£_ 2 • ■ • and hence there are 
vectors 1 + B] that can not be represented in this form. 

More generally, let A be arbitrary and B satisfy the condition 

b m j = for j < — m except finite number of entries (4.7) 
In other words, we consider products of the form 

oo 

]T[ (£-m + C TO l£_ m+ l + C m2 £-m+2 H h ^ &mj£j) , 

m=l j 

where a m j = except finite number of entries. Again, we obtain a well-defined 
element of the space A. 

Below the both variants of the definition of decomposable vectors (in A and 
in A) are sufficient for our purposes. 

4.6. The action of GLqo in A. We consider infinite matrices H = {Hij}, 
where i, j range in Z. Let Sij be the Kronecker symbol, i.e., Su — 1 and Sij = 
for i =/= j. 

We define the group GLoo as the group of all invertible matrices H such that 
— Sij = for all pairs except finite number of entries. 
We define the representation p of GL^ in A by the assumption 

i 

The vectors S{ and their linear combinations are transformed corresponding 
this rule. 
We have 

p(H)Z t = J2 detfcjSL (4.8) 

[: ii>(2>..-; Ij = — j for largo j 

This equality can be considered as a definition of the operators p(H). 

The operators p{H) transform decomposable vectors to decomposable vec- 
tors: 

p{H)E[A,l + B]=E[C,l + D], where (C l + D) = (A 1 + B)H. 

4.7. The space of skew-symmetric functions. Let xi, X2, ■ ■ ■ be formal 
variables. We say that a long monomial is an infinite product 

x^x^x^ 3 . . . , where kj = —j for large j. 
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We say that a formal linear combination of long monomials is a skew- 
symmetric function if it is skew-symmetric with respect to finite permutations 
of variables. 

Fix a collection 

6 : k\ > k 2 > k 3 > . . . where kj = —j for large j. 
Define the skew-symmetric function 



aes, 



/ ; ( ^Y X a(\) X o{2) X o{S) ' ' ' 



We introduce the scalar product in the space of skew-symmetric functions by 
the assumptions: 

1. fit are pairwise orthogonal 

2. ||n t || = i. 

Denote by A the Hilbert space of skew symmetric functions, i.e., the space, 
whose elements are series 



^2 ci^t, where ^ |c { | 2 < oo. 



We also define the space A, whose elements are formal series ^ e C{f2j without 
any conditions for the coefficients c%. 

4.8. Variant of definition. Consider a countable collection of formal 
variables x\, X2, ■■■■ We consider formal series (in the usual sence) in x^ 1 
satisfying the following condition of skew symmetry 

f x j\ jl 

f(x\, X2, ■ ■ • , Xi, . . . , Xj , . . . ) — I I f(x\,X2i---iXj,...,Xi,...). 

\Xi J 

Then f(x) ■ YlJLi X J 3 1S a skew symmetric function. 

4.9. Identification of A and A. The canonical unitary operator A — > A 
is defined by St i— » fit. 

4.10. Images of decomposable vectors. Fix matrices A, B as in 4.4 or 
in 4.5. For each m = 1, 2, . . . we consider the formal Laurent series 

Also we will use an alternative notation for the same series 

*■ — * — oo<p<oo 

Consider the determinant 

(x^ 1 + qi{xx) x^ 1 +q 1 (x 2 ) X 3 1 + qi (x 3 ) . . .\ 
Xi 2 + q 2 (xi) x 2 2 + q 2 (x 2 ) x 3 2 + q 2 (x 3 ) ... 
•^r 3 + <?3(£l) X2 3 + q 3 (x 2 ) x^ 3 + q 3 (x 3 ) ... 

v ; ■ ■ ■■) 



n[A, 1 + B] = det 
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We understand this determinant as the following series in long monomials 

oo 

e e Lj e kj x i a ( i - 6 ^+^ x ^ n x 7 j }- ( 4 - 9 ) 

This means that we consider only summands of the determinant that differ 
from the diagonal product Xi 1 x 2 2 x 3 ~ 3 ... in finite number of terms. Under our 
conditions for A, B, this series converges. 

Another variant to understand this determinant is 



lim 

N^oo 



det {x- m + q m (x k )} ■ | [ x-< ; (4.10) 

l=N+l 



the limit means the coefficient-wise limit 9 . 

If B = and A is arbitrary, then our series is a well defined formal series, 
i.e., it is an element of A. The same is valid if B satisfies condition (4.5) or 
condition (4.7). For this case, the series for any coefficient in (4.9) is finite and 
each sequence of coefficients in (4.10) is stabilized starting some place. 

In particular, the determinants of the form 

det{x fc - m (l + ^ CmJ 4)} 

are well-defined elements of A. 

Proposition 4.3. The canonical map A — > A takes a vector E[A, 1+B] E A 
to the vector Cl[A, 1 + B] € A. 

Proof. It is sufficient to expand ft[A; 1 + B] in the functions Sk- The 
coefficient at Sk is 

det {Xmk a + $-m,k a } 

It coincides with the corresponding coefficient in Proposition 4.2c. 

Remark. Also, we can write the following expression for Q[A; 1 + B] 



X -\ Xn Xn . . . det 



( 1 + X\q\{x\) x 2 +xlq 1 (x 2 ) x\+ xlq^xz) .. 

x7 1 +xiq 2 (x 1 ) l + x\q 2 {x 2 ) x 3 +xlq 2 (x 3 ) .. 

x^ 2 + Xiqz{xi) x^ 1 + x\q 3 {x 2 ) l + x\ 93(2:3) •• 

V ; : ■■) 



and consider the determinant as a determinant det(l + Z) in the sence of formal 
series in xf 1 . This is equivalent to (4.9). 

5. Fermion-symmetric correspondence 

Here we consider only the Rcdficld scalar product in S, i.e., we assume 
uij = j. We denote our space S w by S c i. 

9 The expression in brackets is a series in long monimials but not a skew symmetric function. 
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5.1. The canonical unitary operator § c i — * A. Consider the element 
A e A defined by 



A:=n_ ll _ a ,_ 3 ,...= £ 



-2 „-3 
(2) X t(3) 



For / £ §, we consider the skew-symmetric function A • /. 
Proposition 5.1. for £/ie Sc/mr functions st, 

Asj = 

Proof. For fixed N, let us find terms (long monomials) of A-st that contain 
the factor rT.>jv xJ J . For this, we must follow terms of sj, that do not contain 
Xjv + i, • ■ ■ ■ Hence it is sufficient to evaluate 



si 



N 

3 

/ < JL JL 

X N + 1 =X N + 2 = ---=0 ~~ u ' 



But, 

TV N 

-N 



X 3 



£< ' II' 11 0* ' , 11 

and this implies the required statement. □. 
COROLLARY 5.2. a) The map f 1— > A/ is a unitary operator A — > S c i. 
b) TTie map / 1— > A/ is a iweZZ defined map of spaces of formal series 8 — > A. 
5.2. Preimage of decomposable vectors. 

Lemma 5.3. f[Hua|l. Let r m (z) = c[, m) + c^ m) z + 4 m) z 2 + . . . be formal 
series, m = 1, . . . , N. Then 

det {r ro (ap)} = V det {c ; (m) } det {^}. 

ii<---<Zjv 

Let ^4 be arbitrary and £? satisfies the condition (4.7). Fix M such that 
b m i = if i to, i ^ M. 

Consider the symmetric function LT[j4, 1 + £?] defined by the condition 



U[A, 1 + B] 



a:w+i=a;jv+2 = ---=0 



n p =l X p ' deti^ miP <J7v{Xp m + Yli^O a miXp + SlJ-j^-jV ^mjX J p } 



for all TV > M. 
Corollary 5.4. 



rii^jj< ( j^jv( a 'P ^g) 



A-U[A,1 + B] =n[A,l + B\. 
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Proof. We expand H[A, 1 + B] in the Schur functions using Lemma 5.3 and 
expand Q[A, 1 + B] in functions Sk using Proposition 4.2c. We observe that the 
coefficients of these two expansions coincide. It remains to apply Proposition 
5.1. 

5.3. The action of GL^ in S c i. 

Lemma 5.5. Let R(x,y) = c ij x% V^ be a formal series. Then 
det {R(x kl yi)}= V det {c t ,„} det {xl a } det {wf}. 

l^l^N ti< — <»iv, l^/3^jV l^a^Ar l^P^N 

h<—<3N 

PROOF. First, our expression is skew symmetric with respect to x k and also 
skew symmetric with respect to yi. Hence it has the form 

^2^(k, ■ ■ ■ ,i N ; ji, ■ ■ -Jn) det{a;* fe a }det{j/f }. 

A coefficient 7 coincides with the coefficient at Y\x l £ Y\y J p in det{i?(xfc, yi)}. 
The latter coefficient can be easily evaluated. □. 

Let H — {hij} be an element of GLqo, see 4.6. Let an integer M be suffi- 
ciently large such that for i < — M we have — % = and the same holds 
for j < —M. We define the bisymmetric kernel L[H] by 



L[H](x,y) 



x N + N + 2 = - ■ -=0 
»jv+i=!/iv+2='"=0 



det K fe^jv,i^KJv{Ei>-jv,,->-iv h ij x kVi} Ilf=i x fvf 



for all N > M. Let A[H] be the operator defined by the bisymmetric kernel 
K[H}. 

Lemma 5.5 implies the following statement. 

Corollary 5.6. The following expansion in the Schur functions holds 
K[H](x,y) = V det {h i<xj0 }si(x)sj(y), 

l^a<oo,l^/3<oo 

where the summation is taken over all the sequences i: i\ > 12 > . . . , and 
)'■ ji > 32 > where i a = —a for sufficiently large a and jp — —(3 for 
sufficiently large (3. 

Remark. All the minors {hi a j /3 } satisfy the property: hi a j /1 — <5 a/ g = for 
all pairs (a, /?) except finite number. 

Theorem 5.7. a) The map H A[H] is a representation of the group 
GLoo, i.e., A[H]A[G] = A[HG}. 

b) The canonical unitary operator A — > A — > § c i intertwines the representa- 
tion p(H) given by (4-8) and the representation A[H]. 
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Proof. It is sufficient to verify b). We must check that the matrix elements 
of p[H] in the basis S( g A are equal to the matrix elements of A[H] in the basis 
e S c i. The matrix elements of p[H] are given by (4.8). To find the matrix 
elements of *4[-ff], we must expand the kernel L[H] in the the Schur functions, 
see Proposition 1.5. This expansion is given by Corollary 5.6. □ 

Remark. Let extend the formalism of kernels to the space A. Consider a 
series 

a klM ,... llM ,..x\ 1 x k 2 2 ...y[ 1 y l >... 

fcl,fe2, ■■■ill, h, ■■■ 

in long monomials. We say that it is a biskew symmetric kernel if it is skew 
symmetric with respect to Xj and with respect to yj. For a biskewsymmetric 
kernel K(x, y), we define the operator A : A — > A by 

Af(x) = (K(x,y)J{y)) A[y] 

The group GLqo acts in A by operators whose biskewsymmetric kernels are 

K(x,y) = det{V h lit x\y\}, 

kl — 

we consider only terms of the determinant that differ from the product FJ^ ( x kVk)~ 
in a finite number of places, see 4.10. 

5.4. Images of some multiplicative vectors. Let r(x) = 1 + r\x + 
r 2 x 2 + . . . . Consider the vector 

r w = nr=i r{xk) e g - (5 - i} 

Proposition 5.8. a) The image of the vector R under the maps S c \ — > 
A — > A is 

00 

IJ it-™ + r lZ- m +l + T 2 i- m+ 2 + •••)• (5-2) 
m— 1 

If R(x) G S c i, then (5.2) is an element of A. Otherwise, (5.2) is in A. 
b) The image of the vector R under the map S c i — > A is given by 

det{x- m r(x k )}, 

where the determinant is defined in the same way as in 4-10. 

Proof. The statement a) is a corollary of b). To obtain b), we write 

and tend N to infinity. □ 
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5.5. Another expressions for the same vectors. Let r(x) and R be 
the same as above (5.1). We intend to write the canonical form (4.4) for the 
image of R in A. Let 

r(x) = 1 + r\x + r 2 x 2 + • • • = cxp a(x) = expjaix + ci2X 2 + . . . } 

By Proposition 3.1a, we have R G § c i iff J2j\ a j\ 2 < 00 ■ Therefore, a(x) is 
holomorphic in the disc |x| < 1, and hence r(x) is holomorphic in the same disc. 
Consider the function 

r(x)/r(u) — 1 
x — u 

This function is holomorphic in the bidisc \x\ < 1, \u\ < 1, and hence it can be 
expanded in a power series 



r(x)/r(u) — 1 



J2 c^u". 



x — - 11 

a>0,/3>0 

Proposition 5.9. a) The image of R under the map S cl — > A — > A is 

oo 

II + X]C(m-l)j^) 

b) The image of R under the map S c i — » A is 

det {^" + 2^-^} 

Proof. It is sufficient to prove b). By Proposition 5.8, the required vector 
is the determinant of the matrix 

( V r 2 xi + n + x^f 1 h r 2 .x 2 + ri + x^ 1 h r 2 x 3 + n + x^ 1 

■ ■ ■ + r 2 + rix^f 1 + x^ 2 • • • + r 2 + rix^ 1 + x^ 2 • • • + r 2 + r\X% + x^ 2 

■ ■ + r 2 x^ 1 + rix^ 2 + x^ 3 • • • + r^x^ 1 + rix^ 2 + x^ 3 • • • + r^x^ 1 + rix^ 2 + x^ 3 

V ; ; ; 

We can replace n-th row by a linear combination of the first (n— 1) rows. Hence, 
we can replace the series in the n-th row by 

fj, n (x) = x~ n (l + nx + r 2 x 2 + . . . )(1 + six + s 2 x 2 H h s„_ix™~ 1 ), 

where Sj are arbitrary. 

Let us choose Sj defined by the rule 

(1 + nx + r 2 x 2 + . . . )(1 + Sl x + s 2 x 2 + ...) = 1 

Then 

^n( x ) — X + ^ ' C n jX^ 
3^0 
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where 

C nj = r n+j + r n+ j-xsi H h r j+ iv n -i 

We write the generating function Q(x,y) = '^2,C n jX n ^ 1 y 3 . A direct calculation 
gives Q(x, y)(x - y) = r(x)/r(y) - 1. □ 

5.6. Example: inversion formula for boson-fermion correspon- 
dence. A boson-fermion correspondence 10 is the composition of the canonical 
maps 

F -> §ci -> A -> A. 

Obviously, it is a unitary operator. 

Let /(z) be an element of F, let g(£) be the corresponding element of A. We 
intend to write a formula that reconstructs / by g. For this, we find the images 
in A of the vectors ip a <E F, see (2.4), and apply the reproducing property (2.5), 
see proof of Proposition 3.1. 

Define the polynomials lZ n (z) by 

expjzix + z 2 x 2 + zsx +...} = 1 + 1Zi(z)x + 7Z2(z)x 2 + . . . . 
In other words, 

*»(*)= E IlJi ( 5 - 3 ) 

s 1 +2s 2 +3s 3 +---=n j 

It will be also convenient to assume 

72o = l, 7e_i=7e_ 2 = --- = 0. (5.4) 
We evaluate the image of <p a in A by Proposition 5.8 and obtain 

oo 

fiVizt, V2z 2l V3z 2 , ...)) = ( g (s), n (e-™+^i(z)e- m +i+^ 2 (z)^ m+2 +. . . )>, 

m— 1 

5.7. Example: another inversion formula for the boson-fermion 
correspondence. Proposition 5.9 allows to obtain another formula. Define 
the polynomials Q m n(z) by 

exp{E J>0 ^(^-^)}-l = E Qmn(z)xmyn 
x — y L — ' 



Then 



/(VTzi, V2z 2 , V3z 2 , ...) = ( 5 (0, n (S-m + Q(m-l)j( Z )Zi))l 

m— 1 j=0 



10 In this definition, the boson Fock space F is identified with the subspace A in the fermion 
Fock space C. The whole space C can be identified with F ® C[t, t" 1 ], where C[t,t _1 ] is space 
of Laurent series in formal variable t, and (t k ,t ) = <5 fei . There are some other variants of 
this correspondence, see IFrel . IPSI . IMJDI . INer2l for further discussions; discovering of the 
correspondence usually is attributed to Skyrme, 1971. 
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5.8. Example: generating functions for characters of the symmet- 
ric groups. Let /i : /xi ^ [12 ^ • • • > fih > and A : Ai A2 • • • > 0; 
let ^ M3 = S ^3 = N. Consider the irreducible representation of the symmet- 
ric group Sn corresponding the Young diagram fx; denote by \\ the value of 
its character on a permutation whose cycles has lengths Aj. Then (see [Mac], 
I.7.7) 11 

X\ = (PA,s M ) 

(in notation 1.2). Let lj be the number of entries of j into the collection A, let 
rrij = — j, and let m := (mi, JTI2, ■ ■ • )■ We denote x™ '■= X\ an d write 

xT = (PhS m ); P\ = ^2x?s m 

m 

Hence 

exp{^a^(x)} = ^)P1 = EE(I1 ^)xr -« (5-6) 

j>0 1 j 3 1 m j 3 

Then we transform the left-hand side to the form 

nex P {E«3-4} = IKE^K} 

Multiplying the left hand side and the right hand side of (5.6) by A, we obtain 

h 

det{^(i+E^(«K)}=EE(IIn)-^ Q ™ ( 5J ) 

3>0 1 m j 3 ' 

Now we are ready to write 3 formulae for generating functions. 

1. Expanding the left hand side of the last equality in f2 m , and equating 
its coefficients, we obtain the following generating function for values of the 
character of a given representation of a symmetric group Sn 

E(^n^K^y^->)}> 

the polynomials 7Z are defined by (5.3)-(5.4) and = — k for k > h. 

2. Applying the construction of 5.7, we obtain another expression for the 
same generating function. Let u±,. . . ,u n , v±,. . . ,v n are the parameters for m (or 
/i) defined in 4.3. Then 

E(^n^)= 1 j§u^—w} 
1 3 j 

n In particular, this gives images of the functions ej(z) G F in A and preimages of the vectors 
H m £ A in F. This was widely used in matematical physics. 
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where the polynomials Q are defined by (5.5). 
3. We also write identity (5.7) in the form 



( E (-D' II *;£))-n «p{E«^} - EE{x!n-( E n 

ueSco fe=i fe=i j=i l m o-eSoo fc=i 

Thus, the coefficients of the formal series in the left hand side are all the values 
of all the characters of all the symmetric groups (up to signs and products of 
factorials). 
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